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I. Overview

Abstract:
Among existing oceandata assimilationmethodolo-
gies,reduced-stateKalman�lters area widely-studied
compromisebetweenresolution, and computational
feasibility. Suchreduced-state�lters requiremapping
operatorsfrom the �ne grid to the reducedstateand
vice-versa;thatis, thatthestate-reductionandinterpo-
lationoperatorsbepseudo-inversesof eachother.
Thisposterinvestigatesavarietyof approachesto com-
puting the pseudoinverseandalsoevaluatesthe map-
pingperformanceof eleveninterpolationkernels.

Introduction:
Goal: to understandandpredictthegeneralcirculation
of theoceans.
Existing approachesremain a compromisebetween
resolution, optimality, error speci�cation, and com-
putational feasibility. Widely-studied compromise:
reduced-stateKalman�lter in which themeasurement
updatetakes place on a reducedstate comparedto
the full stateof the OceanGeneralCirculationModel
(OGCM).
Main challenge:requiremappingoperatorsfrom the
�ne (OGCM)stateto thereducedstateandvice-versa.
Let ��� and ��� representthe �ne andcoarsestatevec-
tors.Statereduction��� andinterpolation� operations
de�ned suchthat
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��� and � arepseudoinverses,a conditionwhich en-
suresthat repeatedsubsamplingand interpolationdo
not leadto adegradationof thecoarse-scaledata:
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Objective: to de�ne fast,storage-ef�cient methodsof
�nding �

� from � .
Existing mappingand pseudo-inverseschemesoften
involvethebrute-forcecomputation:
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Wherethematricesareof size #

�%$

#

� , where#

� and
#

� arethe�ne-grid dimensionof theoceanmodeland
thecoarse-griddimensionof thereducedstate,respec-
tively.
Magnitudeof challenge: Supposewe have a global
problemwith 1/12& -spacing: #

�('*) +�, . Supposethe
coarsegrid hasgrid spacingof 2 & : #

�-'.) +0/ . Then
the mappingandpseudo-inverseoperations,storedas
densematrices,areeach1 TERABYTE in size!

InversionCriteria:
In additionto a computationallyef�cient approachto
identifyinga pseudoinverse,theinterpolationkernelin

� mustsatisfyat leasttwo otherrequirements.
First: sensitivity to lateral translationsmust be min-
imized, to ensure that a slow, advective �o w is
not progressively corrupted by repeatedmapping-
interpolations: 1
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where

1

representsa spatial translationon the �ne
scale.Thisis effectively anantialiasingor bandlimiting
criterion.
Second:insensitivity to noise,that is, we wish to limit
the coarse-scaleampli�cation of �ne-scale perturba-
tions.Thenoisesensitivity is proportionalto
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Theupperboundfor thissensitivity is givenby thecon-
dition numberof � or ��� :
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II. FastInversion

FFT:
Computingthe pseudoinverseby brute force requires
enormousstorageandcomputationaleffort. A simple
intuitiveapproachis to usetheFFT:
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Very ef�cient and fast, however it makes strict sta-
tionarityandperiodicityassumptions,areincompatible
with irregularities(e.g.,coastlines).

Subsampling:
Subsamplingmethodsallow a straightforwardalterna-
tive to thebrute-forceapproach;de�ne 6XW of interme-
diateresolution:
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Key Idea — The pseudoinverseof
�

�

" is very easily
found:
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suchthata row in
�

K is zeroif thecorrespondingrow
of

�

� �

" is non-zero.Problem: the subsamplingoper-
ator introducesaliasingandleadsto substantialshift-
sensitivities.

Implicit Inversion:
Implicit methodsavoid explicitly computing �%� from

� , i.e.,
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However even the “small” densematrix ^

!

"

can be
unwieldy, both for storageand inversioncomplexity,
for global-sizedproblems.

IterativeInversion:
Instead,we proposeto iteratively solve the linearsys-
tem

^
�

�U�a`
�

� (12)
which is vastly simplerbecauseof the sparsityof ^ .
We apply the ConjugateGradientmethodbecauseof
its ef�ciency andsimplicity.
Following table comparesstorageand computational
complexity for ) +0+b$-) +0+ coarse-scaleand ) +0+0+b$-) +0+0+

�ne-scaleproblem:
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The iterative approachoffers tremendousreductionin
storageandcomputationalcomplexity!
Actual reductionin complexity dependson sparsityof

o

and l , the numberof conjugate-gradientiterations
requiredfor convergence:

Problem c InterpolatorSize p

Size Density (�ne-scalepixels)
2 3 5 8 12 17 28

q0q

$

q0q

0.09 4 6 11 41 174 303 240
nsr

$
nsr 0.12 3 6 11 43 165 291 245

n0t
$

n0t 0.15 3 6 11 41 169 283 233
n

)3$
n

) 0.21 3 6 11 40 158 290 223
) ub$�) u 0.30 3 6 11 41 155 238 195
)

q

$�)

q

0.45 3 6 11 38 115 232 168
r

$
r 0.73 4 6 11 27 117 172 115

We show theaveragenumberof conjugate-gradientit-
erationsto achieve a root-mean-squaredaccuracy of
0.5%.

III. Kernels

KernelsTested:
We have evaluatedthe shift andnoisesensitivities for
elevendifferentinterpolationkernels:
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Thin-Plate Obj. Analysis

KernelAssessments:
All testswerecarriedoutin n

+	$
n

+ -coarse-scale,n
+0+	$

n
+0+ -�ne-scaledomains.The theoreticaltestsmeasure

aliasing(4) andconditionnumber(6):
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We canvalidatethesetestsexperimentally. The shift
sensitivity is de�ned astheroot-mean-squareratio
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where
9

˜

is a coarseunit-vectorwith pixel l setto one
andtherestto zero.
Noisesensitivity is measuredby computingthe reac-
tion to noise:
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where š

� is an array of unit-variance,independent,
Gaussianrandomvariables.
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Experimental Shift Sensitivity
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Surprisingly, commonkernelssuchasbilinear, expo-
nential,Gaussian,andsinc functionsperformedonly
moderatelywell.

IV. Results

ScaleSensitivity:
A summaryillustrationof thesensitivity of variousin-
terpolantsto the choiceof scale. Generally, a larger
scaleleadsto smootherinterpolants,lessaliasing(shift
sensitivity), andlargerconditionnumber:
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KernelConclusions:
Basedon our testresultswe proposethat the Hybrid,
Thin-Plate,or Objective Analysis kernelshave supe-
rior propertiesandshouldbe recommendedfor map-
pingexercises:

Weight Positivity PropertiesComments
Gaussian 
 
 Numericissues
Nonsep.Exp. 
 7

SeparableExp. 


Bilinear 7

Cone-shaped 7 7

Neg.-lobe 7

Nonsep.Sinc 7

Sep.Sinc 
 RegularGrid
Smooth 
 
 Recommended
Thin-Plate 
 
 Recommended
OptimalInterp. 
 
 Recommended

RealDataExample:
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Mappingtestfor global-scaleproblem.Wehavea uV)8$

Ÿ

n coarsegrid anda n
)

Ÿ

+U$
r

Ÿ

+ �ne grid. Thecentered
locationsof the 3551interpolantsareshown aswhite
dotsin thetoppanel;eachinterpolanthasafootprintof

)
n

) $-¡A) pixels,or n
+�$()

q

degrees.Thebottompanel
shows theresultof �ne-coarse-�nemapping.


