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Abstract

Data assimilation is a procedure that combines observations with models to improve de-
scriptions of the modeled systems, such as the atmosphere and the ocean. Observations
correct errors in models on the one hand, and models extrapolate data information in
space and time on the other. Data assimilation is widely utilized in atmospheric sci-
ences as well as in other disciplines of Earth Science, to help understand the workings
of the respective systems. However, because of the data corrections, the temporal evo-
lution described by these results are often physically inconsistent. For instance, heat
and mass budgets cannot be closed, limiting the utility of the analyses. This article
elucidates the nature of these inconsistencies and describes a solution to correct these
problems. In particular, so-called smoothing algorithms can fix the deficiencies ren-
dering model solutions physically consistent. Smoothing is half the data assimilation
problem often ignored or forgotten in many applications. Smoothing is an inversion
of the model that allows explicit estimation of model error sources. In comparison,
sequential methods employed in most assimilation systems today are stationary inver-
sions of the observations that correct the model state but not the sources of the error.
This practice is historically rooted in data assimilation being developed in the context
of weather forecasting as opposed to climate analyses that have different requirements.
Identification of model error sources and their estimation by smoothing are fundamen-
tal to establishing a physically consistent estimate that is conducive to process studies

of a temporally evolving dynamic system.



Capsule

Smoothing algorithms can fix problems in closing mass and heat budgets in data

assimilation products.



Data Assimilation

Data assimilation is a procedure of combining observations with models, and is widely
utilized in atmospheric sciences and related fields so as to improve descriptions of
respective dynamic systems. However, the model-data combination often leaves imbal-
ances in property budgets and other physical inconsistencies in the systems’ estimated
temporal evolution. This article discusses the nature of these problems and describes
a solution to correct the deficiencies.

In data assimilation, observations correct errors in models on the one hand, and
models extrapolate data information in space and time on the other. The combination
can be regarded as least-squares averaging of observations and models. Consequently,
results of assimilation are generally more complete and more accurate than those ob-
tained by either observations or model simulations alone.

Data assimilation has long been employed in numerical weather forecasting as a
means to optimize model initial conditions from which forecasts are initiated. In fact,
data assimilation is often synonymous with model initialization using observations.
Here, however, we consider data assimilation to mean a combination of models and
observations in general.

Besides forecasting, data assimilated model results have also been utilized as a
tool to analyze the nature of atmospheric circulation and to study the physical and dy-
namical processes that underlie the atmosphere’s evolution. For instance, atmospheric
re-analyses (e.g., Kalnay et al., 1996) provide coherent descriptions of the atmosphere
that are utilized in diverse studies. The assimilations provide a summary description
of the state of the atmosphere, freeing researchers from having to analyze individual
observations in making inferences of the atmosphere and its changes.

More recently, data assimilation has also become an increasingly important element
in oceanography (e.g., Stammer et al., 2002) as a tool to describe and to understand
ocean circulation. The oceanographic interest is fueled in part by the recent increase in
the amount of available observations and by a realization of the limitations of observing
systems, vis-a-vis the complexity of ocean circulation, due to the sparse and incomplete

nature of oceanographic measurements.



Physical (In)Consistency

Although data assimilation generally leads to improved accuracies, the utility of the
assimilated estimates in help understanding dynamic systems is often limited, because
of the estimates’ physically inconsistent temporal evolution. This problem is described
in Figure 1 that illustrates the temporal evolution of some element of a dynamic sys-
tem (e.g., atmospheric surface pressure at some location) in a typical sequential data
assimilation.

Sequential data assimilation progresses by first integrating the model forward in
time, depicted by the red curve cﬁ) in Figure 1, from a point “a” at one instant (time
t1) to a point “b” at another time (time ). At the instant of point “b”, observations
are available (point “0”), and the model simulated state “b” is corrected to be in closer
agreement with these observations by assimilating the measurements. The correction is
shown as the black line bc and the corrected state is “c” which is usually not exactly in
agreement with the observations “0” due in part to measurement errors. The procedure
is then repeated from point “c” by integrating the model forward in time, carrying
information obtained from the observations, until new measurements are available!.
The sequential correction bc , in the terminology of estimation theory, is “filtering”,
and its corrected solution is a filtered estimate.

Although the evolution cﬁ) is described by the modeled physics (e.g., advection,
mixing, and external forcing), that of the data correction (bc ) is not. The data cor-
rection (bc ) corresponds to inaccuracies of the model state “b”. These inaccuracies
are the consequence of errors in the model evolution cﬁ) , such as due to errors of the
initial condition (point “a”) and errors in internal and external processes between “a”
and “b”. However, the data correction itself is not explicitly described by such model
error sources. Because of this ambiguity of what physical process data correction corre-

sponds to, the modeled system’s temporal evolution from the time of “a” to point “c”

cannot be physically accounted for. For instance, budgets of mass and other properties

1 In some systems, data information is assimilated at every model time-step by either
interpolating observations in time or simply sampling the dynamic system as frequent
as necessary. In such case, “a” and “b” describe the model state at consecutive time-

steps and the discussion below applies equally to such systems.



cannot be closed between points “a” and “c”. The temporal evolution is thus physically
inconsistent.?

The ambiguity of the data corrections limits the utility of data assimilated model
solutions in understanding mechanisms that control the estimated temporal evolution
and in deducing processes that underlie the general physical balance of the dynamic
system. For instance, Figure 2 shows atmospheric surface pressure variability from
an operational atmospheric analysis. The figure compares the equivalent of the model
evolution between points “a” and “c¢” in Figure 1 (Figure 2a) with that of the data
correction corresponding to the change from point “b” to “c¢” in the same figure (Figure
2b). Figure 2 shows that, on average, approximately 25% of the observed mass change
in the atmosphere is not physically accounted for. Similarly, heat and other budgets
cannot be closed and, consequently, identifying the cause of the changes in heat content

and other properties is not straightforward in such analyses.

Smoothing

Resolving the assimilation’s physical inconsistency is to make sense of the data correc-
tion bc in Figure 1. As stated, the data correction reflects inaccuracies in the model
evolution cﬁ) . The solution, therefore, is to explicitly correct these error sources that
be corresponds to. For instance, Trenberth et al. (1995) and others have discussed
methods to ameliorate the mass imbalance in atmospheric analyses as in Figure 2 by
choosing to adjust the velocity field during &7 (e.g., advective divergence) while keeping
other elements unchanged (e.g., surface pressure change itself). However, any particu-
lar choice in adjustment may violate other unconstrained budgets, such as that of heat,

and degrade the overall accuracy of the model estimate.

2 Most discussions of physical consistency in data assimilation have traditionally fo-
cused on the relationship among elements of the model state at a particular instant, such
as geostrophic relationships between pressure and velocity and mapping data correc-
tions to the slow manifold, etc. Such relationships among variables are typically sought
so as to minimize “shocks” after models are initialized by the assimilated estimates.
However, the consistency of temporal evolution that is considered here concerns the
relationship between state estimates at different data-assimilated instances as opposed

to that at a particular time.



The general solution to such adjustment lies in estimating the modeled system
in its entirety so as to satisfy all relevant physical, dynamical, and observational con-
straints within their respective uncertainties. In particular, such estimation amounts to
inverting the model evolution using the data correction bc . Namely, the model’s tem-
poral evolution algorithm can be regarded as a function of the initial condition (“a”),
model physics and dynamics, and the various external forcings and boundary condi-
tions. The model relates these independent quantities and processes to the end state
“b” by an explicit mathematical relationship. Then, given an estimate of end state
errors (bc ), this relationship can be inverted to correct inaccuracies in the independent
variables that give rise to this model error, so that the model evolution is compatible
with the data-corrected end state “c”. The result of such inversion is illustrated by
the blue curve c?c in Figure 1, that depicts adjustments to the model evolution and a
corrected initial state “d”.

The inversion of the model evolution can be identified as “smoothing” in estimation
theory. Smoothing is an inversion of the model in time that corrects model errors in
the past using observations formally in the future. In comparison, filtering that was
described previously (bc in Figure 1) is an inversion of the observations, in particular,
the theoretical relationship between the model state and the model equivalent of the
observations. A simple mathematical exposition of these differences is provided in
the Appendix. In particular, the common Kalman filtering and Rauch-Tung-Striebel
smoothing can be identified as least-squares inversions of the observations and the
model’s temporal evolution, respectively.

Filtered estimates carry data information forward in time as the model is tempo-
rally integrated. In comparison, the sequential smoother (estimation of é; ) corrects

these prior filtered estimates (“a”) and processes in between, using formally future ob-

servations (“0”); i.e., smoothed estimates (“d”) are based on both past and formally
future observations. The use of additional observations result in smoothed estimates
generally being more accurate than corresponding filtered results.

Smoothing is also an inversion across time whereas filtering is a static inversion
of instantaneous fields. In fact, given “d”, the model at earlier times can be corrected
similarly by extending the smoothing further back in time so that the evolution from
these earlier times is also consistent with “d”, and in turn, “c”. Such estimate is
illustrated by the extension of the blue curve é; to earlier instances (¢ < t1). From its

construction, note that such smoothed estimates are dependent on when the smoothing



was initiated (i.e., the end time). For instance, the blue dashed curve and blue circles
depict a smoothed estimate initiated from some future instant beyond “c” (¢ > t2).

In addition to the state, smoothing explicitly corrects other sources of model in-
accuracies that dictate the model evolution, such as external forcings, model parame-
terization, etc. Because of these corrections, the temporal evolution of the smoothed
estimate is physically consistent. For instance, the temporal evolution of the smoothed
estimate is literally “smooth” as depicted in Figure 1. Unlike the filtered solution de-
noted by the red curves and black lines in Figure 1, the smoothed evolution along the
blue solid curve and the blue dashed curve can be accounted for by explicit physical
processes embodied in the model. Budgets of heat, mass, and other properties can be
closed in correspondence to the model’s underlying physical principles.

Most discussions of smoothing focus on the improved accuracy of its results over
those of filtering. However, the assimilated results’ consistent temporal evolution is
a singular virtue of smoothing. In comparison, no matter how much observations are
utilized to improve the accuracy of filtered estimates, filtered solutions, by construction,
generally cannot be made to satisfy the model physics.

Note, however, that smoothing does not concern forecasting. Being an inversion
of the model backwards in time, smoothing corrects model errors in the past but does
not alter the terminal end state or any future estimate. This is depicted in Figure
1 by the end state “c” of the smoothed evolution dAc being identical with the filtered
estimate “c”. Forecasting that is initiated at time “c” using only observations up un-
til that instant is not affected by smoothing c?c that corrects the model in the past.
This independence explains why smoothing has not been an issue in numerical weather
forecasting. However, smoothing is necessary for climate analyses and/or other applica-
tions that require physically consistent descriptions of the dynamic system’s temporal
evolution. In particular, closed budgets and other physical consistencies are conducive

to analyzing the workings of dynamic systems.

Model Error Source Modeling

In the past, smoothing has largely been ignored in Earth Science, due in part to an
historical emphasis on estimating the state, particularly in the context of initializing
models for forecasting. Some progress has recently been made in the application of
smoothing. For example, the Consortium for “Estimating the Circulation and Climate

of the Ocean” (ECCO) has established a series of smoothed ocean data assimilation



analyses (e.g., Stammer et al., 2002. See also http://www.ecco-group.org). Satellite
observations and in situ measurements are assimilated into a near global ocean general
circulation model so as to study ocean circulation and its effect on other elements of
the Earth system.

A key to achieving a physically consistent estimate is in explicit modeling and esti-
mation (smoothing) of model error sources. This modeling concerns not so much their
statistical properties but their explicit mathematical formulation. Model error sources
do not solely consist of errors in initial condition but also inaccuracies in other elements
of the model algorithm, including the model physics, model parameters, external forc-
ings, etc. In Figure 1, the smoothed estimate é; consists not only of adjusting the
initial condition “d”, but also of other elements that are independent of “d” affecting
the model trajectory to “c”.

In ECCO, model error sources estimated to date include errors in prescribed at-
mospheric forcings (wind, heat flux, fresh-water flux), inaccuracies in model parameter
values (e.g., mixing coefficients), and errors in the initial condition. Because their effect
on model evolution are distinct (controllability; see, for example, Gelb, 1974), errors
from different sources can generally be distinguished from each other, given adequate
observations of the state’s temporal evolution; i.e., errors are not unduly misinterpreted.

However, there are other error sources in the ECCO model that have not yet been
accounted for, such as errors caused by model numerics (finite differencing errors),
inaccuracies due to inadequate resolution such as key passages in the model ocean,
errors in water mass formation, etc. Owing to the use of comprehensive observations
and smoothing algorithms, the present ECCO estimates are optimal and physically
consistent, but because of these remaining undetermined errors, the estimates are yet
incomplete. How much and how many types of model errors are corrected are as
important, if not more, as how much observations are assimilated.

Data assimilated products are only accurate to the extent of what has been cor-
rected by the assimilation. Understanding inherent limitations of these estimates,
especially the physical inconsistency of filtered estimates vis-a-vis the consistency of
smoothed estimates, is important when utilizing their respective products. Model-
ing and estimating model error sources as complete as possible is arguably one of the
most important issues in advancing the fidelity and utility of data assimilated model

products.
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Appendix: Sequential Filtering and Smoothing as Least-Square Inversions
of a Model

The mathematical structures of the filter and smoother help elucidate the nature of
these respective assimilation methods. In particular, sequential filtering and smoothing
algorithms can be identified as inversions of separate elements of the model that solve
different parts of the data assimilation problem. We provide a simple mathematical
review to illustrate these differences. The description also demonstrates the physical
consistency of smoothed estimates and illustrates the significance of model error source
modeling.

Mathematically, data assimilation is an inverse problem whereby the state of a

dynamic system, x, is estimated given a set of observations, y, and a model; e.g.,

Hx ) Y
: = : (1)
X(t+1) — AX(r) — Guy) 0
where - - - denote similar equations at different instances, t. The upper part of Eq (1)

relates the model state to the observations by the observation operator H. The lower
part describes the model’s temporal evolution by operators A and G that embody the
model. Vector u denotes the model’s controls and includes inhomogeneous terms of the
model (e.g., boundary condition and forcing) and a representation of sources of model
error (process noise). For simplicity, we assume a linear model in this discussion. The
problem above and the solution below can be extended to non-linear models with suit-
able linearization. Bold upper and lower case characters represent matrices and column
vectors, respectively. The time increment from t to ¢ + 1 above denotes an arbitrary
increment, as opposed to a single model time-step, and correspond to instances that

observations are available.?

3 Model controls typically vary between times ¢ and ¢ 4+ 1. Thus, while X(¢) denotes
the model state at time ¢, ug;) can be recognized as a concatenation of model controls

during times t < T <t + 1.
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The least-squares solution provides a general solution to linear inverse problems
such as Eq (1). The least-squares solution, a (the ~denotes an estimate), for a general
linear inverse problem,

Ea=Db (2)

given b is
a=ag+RuET(EREY + Ry) (b — Eag) (3)

(e.g., Lawson and Hanson, 1974). a( is a prior estimate of a, and R,, and Ry, are
prior error covariance matrices of ag and b, respectively, that are independent of each
other. (The latter also includes uncertainties in the representativeness of Eq (2).)
Sequential filtering and smoothing algorithms can be recognized as least-squares
estimations of the form Eq (3). For instance, the statistically optimal Kalman filter?
(e.g., Gelb, 1974) corrects model forecasts X(; _y with observations to yield an analysis

(i.e., corrected estimate) X(;) such that,
Xty = X(t,—) + Py H (HP ) H" + R(y)) " (yy — HXr,-)) (4)

The minus sign in the argument denotes estimates prior to assimilation at the particular
instant. P, _) and Ry are error covariance matrices of X, _y and y ), respectively,
where the latter also includes representation errors (Cohn, 1997) of the observation
equations in (1) (upper half of 1). The model forecast X _) is in turn estimated by

integrating the model from the analysis at a previous instant X(;_1); viz.,
X(t,—) = AX—1) + Gu_y) (5)

The filtering algorithm is schematically described in Figure 1 that illustrates the

temporal evolution of some element of a dynamic system. The state estimates X(;_1),

4 Other common sequential assimilation methods such as direct insertion, nudging,
optimal interpolation, and 3dVAR are statistically suboptimal variants of the Kalman
filter. These other assimilation schemes utilize ad hoc weights or prescribed state error
covariance matrices (P in Eq 4) instead of solutions of the Riccati equation used in
Kalman filtering. The latter evaluates model error evolution taking into account the
nature of the model error source and the relative dynamical and statistical effects of
model physics and observations. Explicit modeling of model error sources is essential

for achieving physical consistency later by smoothing as described below by Eq 9.
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X(¢,—), and X(;) respectively correspond to states represented by points “a”, “b”, and
“c” in Figure 1. The two relationships, Eqs (5) and (4) describe the red and black
segments (Q) and bc , respectively, in the same figure.

Comparison of Eq (4) with Eq (3) shows that the Kalman filter is nothing but
a least-squares inversion of the observation equation in Eq (1)°. At the same time,
this correspondence also indicates that the lower half of Eq (1) is not solved (inverted)
by the Kalman filter algorithm; i.e., Kalman filters only solve half the assimilation

problem. In fact, substituting Eq (5) in (4) gives,
X(t) = Ax—1) + Gui—1) + K(ye) — X¢,-)) (6)

where, for brevity, we define K = P, _)H"(HP, _yH” + R(;))~' (Kalman filter). Eq
(6) is different from the lower half of (1) due to the third term on the right-hand-side
of Eq (6). This third term corresponds to the data correction bc in Figure 1, and is not
explicitly part of the model physics (a function of A or G) that describes the model’s
temporal evolution.

The physical inconsistency in (6) can be resolved by recognizing that the lower
half of the inverse problem (1) is not yet solved. Namely, given the updated estimate
X(1) by (4), the lower half of (1) can be identified as defining another inverse problem

for (re-)estimating x(;_1) and ug_1y. Namely,

% =(A G) (X“—“) (7)

U-1)

which is another inverse problem of form (2) where the coefficient matrix is (A G)
and the unknown vector is (Xa—l)ua—l) )T.

Eq (7) can also be solved by least-squares. In particular, an exact solution can be
sought that satisfy mass conservation, etc, because model error sources u are explicitly
included in the formulation. This amounts to setting Ry, = 0 in Eq (2). The filtered
estimate x(;_1) and the a priori control u_;) provide the prior solutions to (7), and

their error covariance matrix defines the equivalent of R,

P(t—l) 0 )
< 0 Qu-1) /) (®)

® This is slightly an oversimplification, as the Kalman filter algorithm also describes

the time-evolution and the derivation of the model state error covariance matrix, P in

Eq 4, in addition to the state estimate discussed here.
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Q(¢—1) is the prior error covariance matrix of ug_y) (process noise). As in the standard
formulation of the Kalman filter, we assume errors in u;_1) to be uncorrelated in time
and, therefore, uncorrelated with errors in the estimate x(;_1), resulting in the off-
diagonal blocks in (8) being zero. (Note that P in (4) and (8) are functions of Q as
described by the Kalman filter algorithm.)

Then substituting (8) in (3) along with other elements equivalent to those of (2)

we have,

~ N -1
()A{(t_L_i_) ) _ (X(t—l) ) + P(t—l)AT (AP(t—l)AT + GQ(t—l)GT) B
U(t—1,4) U(t-1) Qu-1nGT (GQ-1)GT + AP, )AT)

X (%) = Akg-1) — Gug-1)) (9)

The plus in the argument on the left hand side of (9) denotes estimates that utilize
formally future observations (as contained in X, by 4) as opposed to filtered esti-
mates (Eq 4) and model forecasts (Eq 5). The smoother’s assimilation of additional
observations results in improved accuracy in its state estimate over that of the filtered
solution.

Previous filtered estimates X(;_) and ti;_g) can also be improved by inverting the
equivalent of Eq (7) using the estimate X;_; 4 of Eq (9). By induction, other filtered
estimates at earlier times can be improved by such inversion recursively back in time.

Equation (9) and the recursive equation it defines can be recognized as the Rauch-
Tung-Striebel (RTS) fixed-interval smoother, and the improved solutions are its
smoothed estimates (e.g., Bryson and Ho, 1975). Note the correspondence between
(9) and (3) that illustrates that smoother estimations of X(;_1 4y and @;_q ) are in-
versions of the model operators A and G, respectively, that describe the temporal
evolution of the model.

The temporal evolution of such smoothed estimate is depicted by the blue solid
curve in Figure 1. Filtered state estimates x(;_1) and X(;) and smoothed estimate

X(¢—1,4), respectively, correspond to points “a”, “c”, and “d».6

6 Smoothed state estimates intervening “c” and “d” can be obtained by solving the
equivalent of Eq (9) in smaller time increments. Alternatively, the same can be obtained
by the equivalent of Eq (10), integrating the model forward in time using smaller time

increments and intervening smoothed control estimates.
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By construction, unlike the Kalman filter estimate, the smoothed solution given
by (9), and the recursively smoothed estimates at earlier instances, satisfy the model

equations in (1) (lower half of (1)). In particular,
}A(:(t/7+) — A.}A((t/_17+) + Gﬁ(t1_17+) (10)

for ¢ < t. This is also obvious by substituting the equivalent of Eq (9) at time ¢’ — 1
on the right hand side of (10), noting X(;) on the right-hand-side of (9) corresponds to
X 4) for t' <.

Note that for Eq (10) to be physically consistent, the estimated error source u
and its model G must be chosen sensibly in Eq (1). For instance, errors corresponding
to external forcing imply certain properties for G (and, therefore, Q in Eq 8) and
those associated with mixing (e.g., depth of ocean surface mixed layer) require others.
In particular, assuming uncorrelated white noise in state space (i.e., Gu = ¢, where
individual elements of ¢ is uncorrelated white noise), such as for temperature in the
interior of the ocean, would imply internal sources and sinks that is not physically
sensible. Sensible modeling of model errors is important for achieving a physically
consistent smoothed estimate.

Although smoothed solutions can satisfy model equations (10), smoothing should
not be confused with so-called “strong constraint” estimation (Sasaki, 1970) that as-
sumes that models have no errors except in initial condition. Smoothing is generally
a “weak constraint” inversion that allows for model errors, but one that explicitly
provides estimates of these inaccuracies. The explicit estimation of these model error
sources (difference between u and u in Eq 9), as opposed to leaving them unknown, is
what allows for the temporal evolution of the solution to be physically consistent.

In fact, smoothed state estimates alone (upper half of Eq 9) do not generally satisfy
model equations;

)A((t/’_,_) ;ﬁ A)A((t/_lﬂ_) + Gu(t/_l) (11)

However, given smoothed control estimates (G, ) for all ¢) and the smoothed ini-
tial condition (X(g,4+) where ¢t = 0 is initial time), smoothed state estimates at other
instances could be derived sequentially in time (¢ > 0) by simply using the forward

model (10). Thus, it could be argued that smoothed control estimates G ;) are more
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fundamental than smoothed state estimates x(; 1), because the latter can be derived
from the former using the model, but not vice versa.”

Although the discussion above has focused on sequential methods of smoothing,
there are other equally effective smoothing algorithms. In particular, when model error
sources are made part of the estimate, the so-called adjoint method or 4dVAR?® is
equivalent to the RTS smoother (Eq 9). The adjoint and 4dVAR estimation directly

solve for the smoothed solution without deriving the intermediate filter estimates.

7 The terminology, “state estimation”, is often used synonymously with “data as-
similation”. However, model controls are generally not directly part of the model state.
Smoothing’s model error source estimation (1 in 9) could be better identified as “control

estimation”.
8 The present generation of 4dVAR implemented at the European Centre for

Medium-Range Weather Forecasts (ECMWF) (Rabier et al., 2000) is a fixed-lag
smoother that does not allow for model error sources (controls) except for errors in

the initial condition.
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Figure Legends

Figure 1: Schematic of a state element’s temporal evolution in a typical sequential data
assimilation. Abscissa is time and ordinate is the state’s value. The red and black
symbols and curves illustrate filtered estimation. The estimation progresses by in-
tegrating the model from an initial condition (red cross denoted “a”) to another
(black cross denoted “b”), when a set of observations (triangle denoted “0”) be-
comes available and is used to correct the model state (red cross denoted “c”). The
procedure is then repeated until the next set of data are available. The blue curves
and symbols describe smoothed estimates that utilize all observations within a given
period, to correct not only the model state but also sources of model error. The
blue solid curve employs data up until time ¢5. The blue dashed curve illustrates a

smoothed estimate using data beyond the temporal interval that is shown.

Figure 2: Average variation of atmospheric surface pressure; a) changes between anal-
yses over 6-hour periods, b) 6-hourly data corrections. Variations are standard
deviations based on the operational analyses and forecasts of atmospheric surface
pressure by the National Centers for Environmental Prediction (NCEP) from 29
May to 6 December 2001. Units are in mbar. Global area weighted averages are 6

mbar and 1.5 mbar for (a) and (b), respectively.
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